QUANTUM INVARIANT FOR TORUS LINK AND MODULAR FORMS 
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ABSTRACT. We consider an asymptotic expansion of Kashaev's invariant or of the colored Jones 
function for the torus link T(2, 2 to). We shall give g-series identity related to these invariants, and 
show that the invariant is regarded as a limit of q being N-th root of unity of the Eichler integral of 
' a modular form of weight 3/2 which is related to the su(2) m _ 2 character. 

o ' 



o 



1. Introduction 



o 
O 

(N 

Recent studies reveal an intimate connection between the quantum knot invariant and "nearly 
modular forms" especially with half integral weight. In Ref. 9 Lawrence and Zagier studied an as- 
ymptotic expansion of the Witten-Reshetikhin-Turaev invariant of the Poincare homology sphere, 
■ and they showed that the invariant can be regarded as the Eichler integral of a modular form of 

O 

weight 3/2. In Ref. 19, Zagier further studied a "strange identity" related to the half-derivatives of 



the Dedekind ^-function, and clarified a role of the Eichler integral with half-integral weight. From 



the viewpoint of the quantum invariant, Zagier' s q- series was originally connected with a gener- 
ating function of an upper bound of the number of linearly independent Vassiliev invariants [17], 
and later it was found that Zagier's g-series with q being the N-th root of unity coincides with 
Kashaev's invariant [5,6], which was shown [14] to coincide with a specific value of the colored 
Jones function, for the trefoil knot. This correspondence was further investigated for the torus knot, 
and it was shown [3] that Kashaev's invariant for the torus knot T(2, 2m + 1) also has a nearly 
modular property; it can be regarded as a limit q being the root of unity of the Eichler integral 
of the Andrews-Gordon g-series, which is theta series with weight 1/2 spanning m-dimensional 
space. As the torus knot is not hyperbolic, studies of the torus knot may not be attractive for the 
"Volume Conjecture" [5, 14] which states that an asymptotic limit of Kashaev's invariant coincides 
with the hyperbolic volume of the knot complement, but they are rather absorbing from the point 
of view of the number theory, q- series and modular forms. 

Motivated by our previous result on the torus knot T(2, 2 m + 1), we study Kashaev's invariant 

for the torus link T(2, 2 m) (see Fig. 1) in this article. We shall show that the invariant is now re- 
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Figure 1 . Hopf link T(2, 2) and torus link T(2, 4) 



garded as the half-integration or the Eichler integral of a modular form of weight 3/2. Remarkable 
is that this modular form is related to the sw(2) m _ 2 character. It is noted that recent studies [20,21] 
reveal a relation with Ramanujan's mock theta functions. We also propose a (/-series identity, 
which is new as far as we know, and study an asymptotic expansion thereof. 

This paper is organized as follows. In section 2 we construct the colored Jones polynomial 
for the torus link T(2,2m). Using the Jones-Wenzl idempotent, we give an explicit formula of 
the invariant. It is known [14] that Kashaev's invariant coincides with a specific value of the 
colored Jones polynomial. This correspondence enables us to give an integral form of Kashaev's 
invariant for the torus link T(2, 2 m) in section 3. We further give an asymptotic expansion of the 
invariant, and see that the invariant for T(2, 2 m) also has a nearly modular property. We give an 
explicit form of Kashaev's invariant for this torus link using the enhanced Yang-Baxter operator. 
Combining these results we obtain an asymptotic expansion of a certain c<>series. In section 4 
we introduce the (/-series related to Kashaev's invariant for torus link, and prove a new (/-series 
identity. We study the modular property of these (/-series, and discuss how Kashaev's invariant for 
T(2, 2 m) may be regarded as the Eichler integral of a modular form with weight 3/2 which is the 
affine su(2) m - 2 character, in section 5. In the last section, we collect some examples. 



2. Colored Jones Polynomial for Torus Link (2, 2 m) 

The iV-colored Jones polynomial for torus knot T(m,p) was studied in Refs. 12, 15. Following 
these methods, we compute the colored Jones polynomial for torus link T(2, 2 m) in this section. 
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We use the Jones-Wenzl idempotent, and use following formulae (see, e.g., Ref. 10); 





(2.1) 




E 



c: (a, b, c) is admissible 



6(a, b, c) 



(2.2) 



where each label denotes a color, and we mean that 

A 2(n+1) _ ^-2(n+l) 



•I)™ 



A 2 - A- 2 



a < b + c, 

(a, 6, c) is admissible <=>■ a + 6 + c is even, and ^ 6 < c + a, 

c < a + 6. 



We have a #-net 



9(a, b, c) 




(2.3) 



which is given as 

^ ' ' ' ~ "A IA i~A T' 

^+z-l ! ^z+:r-l ! Ar+y-l ! 

with 

a = y + 6 = z + x, c = x + y. 

Proposition 1. The N -colored Jones polynomial Jzv(/i; /C) /or the torus link /C = T(2, 2 m) z's 
gz'ven ov 

2 s h ( — ^ ^ = e -\m{N^-l)h \^ \^ m hf+{m+s)hj+±hs , 7 | . 

- y 2 j j N {h-o) 

where a parameter q is set to be 



q = A 4 = e\ 
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and O denotes unknot whose invariant is given by 



J N (h; O) 



sh(Nh/2) 
sh(/i/2) ' 



Proof. We first apply eq. (2.2) in the torus link T(2, 2 m) (see Fig. 2), and untangle crossings 
recursively using eq. (2.1). We see that 9(a, b, c) vanishes at the end. We have 

2m 



J N {h\K) = ^2 

c: (N — 1, N — 1, c) is admissible 



A-2m(N 2 ~l) N ~ l 

^4mj(j+l) ^2(2j+l) _ ^-2(2j+l)^ _ 



A 2 - A" 2 



i=o 



This proves eq. (2.4). 



□ 





Figure 2. We apply eq. (2.2) to the torus link T(2, 4). We set n = N - 1. 



3. Kashaev Invariant and Asymptotic Expansion 

It is known [14] that Kashaev's invariant is given from the colored Jones polynomial at a specific 
value h — > 2 7r i/iV. By use of a result of Prop. 1 we obtain an integral form of the invariant as 
follows. 

Proposition 2. The Kashaev invariant for torus link T(2, 2 m) is given by an integral form as 

(T(2, 2 m)) N = e^ {m -^ 8V2 (m N)* e" i/4 

X [ dlUW 2 e ^niN W 2 +4m,N W 2 M^mirNw) S h(4 7Tw) ^ { ) 

y sh(4m7rw) 
c 

where C denotes a path passing through the origin in the steepest descent direction. 
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Proof. A proof is essentially same with those given in Refs. 2, 7, 8, 16 for studies in asymptotic 
behavior of the quantum invariants. 

To rewrite eq. (2.4) into an integral form, we use an integral formula 



'Ti h 
c 

where an integration path C is an infinite line passing through the origin in the steepest descent 
direction. Then we get 

N-l 



2 S h ( — ) J N(h;IC) = i mh(N 2_ iy ^±i h y. y. mh( j+ ^ 



e=±l j=0 

N-l 



Now we take a limit 



™ e=±l i= £ 

Virmh J sh( z ) 

c 

2 ?ri 



h 



N ' 

to compute Kashaev's invariant. As LHS vanishes in this limit, we take a derivative of both sides 
to have 

.. 1 / N \ 3 ^ 2 ^ , i % ni f , 9 m iz 2 , > 2sh(A^z) sh(z/ra) 
T2,2m W= — ^ e 5w (m "™ )_ T dz z 2 e N( ^ +z) - — /, / ' 1 . 

V V ;/ U/ J sh W 

c 

Rescaling an integral variable, we obtain eq. (3.1). □ 

Theorem 3. Kashaev's invariant (X) n for the torus link /C = T(2, 2 m) has an asymptotic expan- 
sion in N — > oo a* 

(7(2,2™)}^ - e i m -^iV 3 / 2 i/^ (fc - m) sin ( — tt) e~^ iN 

V m ^— ^ \m J 



9 oo 7-,(m;0) / \ fe 

(m-l) 2 . ^-^ til. ( 7T 1 \ 

+ J , (3.2) 

where E^' ^ is defined from a generating function (see also eq. (3. 16) J as 

msh(z) = y> 4 m;0) 2* n 
sh(mz) ^ (2 fc)! K } 

1 1-m 2 2 (3-7m 2 )(l-m 2 ) 4 

= H ^ 2 + — z H . 

6 360 



Proof. When we decompose sh(4 run N w)'m the integrand (3.1) into ( e 4m7riVTO - e ~ 4mnNw ) /2, the 
integral reduces to h — I 2 up to constant where I\ and I 2 are 

sh(4 nw) 



h= [ dww 2 e 8m ^ iw2+w ^ . 

J sh(4m7ru>) 
c 

I 2 = [dww 2 e^ 2 ! H A 4nW \ . 
J sh(4m7rw) 
c 



In Ji we deform an integration path C — > C + 5. In this deformation we have contributions from 

A: 
4m 



residues at w = i for k = 1,2, ... ,2m — 1. Then we get 



J x = 2 vr i • (Residues) + /" dw w 2 e 8 ™ N ^ 2+ ^ 

J sh(Amir w) 



32 m 3 f \m y J \ 2/ sh(4m7r,2) 

+ / 2 -- /d,e 8 -^ 2 Sh(47r2) 



fc=i 

m— 1 



1 y^(_l)* (fc - m) sin f — tt^ e-^ iN + I 2 -- /„ . 
8m 2 f^ v ; v ; V m / 4 7 sh(4m7rz) 

In the last equality, we have used a symmetry z <-> — 2 of the integrand. Substituting a series 
expansion (3.3) into above expression, we obtain an assertion of theorem. □ 

Asymptotic expansion for the torus knot T(2, 2 m + 1) was studied in Ref. 3. In view of these 
results, a tail of asymptotic expansion of Kashaev's invariant is given in an infinite series of iV -1 
with coefficients, whose generating function seems to be related to 

1 - s 

Here A*;(s) is the Alexander polynomial for knot /C, and in a case of the torus link /C = T(2, 2 m) 
we have 

1 - s 2m 



1 + s 



We have shown that the volume conjecture [5, 14] is fulfilled for the torus link T(2, 2 m), 

^ log l (T(2 ' 2m))iV l =0, 

because the torus link T(2,2m) is not hyperbolic. Rather we have interests in an asymptotic 
expansion of the g-series. To this aim, we compute the quantum invariant by another method; 
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explicit form of Kashaev's invariants can be directly computed from a set of the enhanced Yang- 
Baxter operators [5] (see also Refs. 13, 14, 18); 



D«7 _ 

n u — 



{R- l f 



. q 

(w)[t- k -i] (w)^^ 

jV w -i+(<-*-i)(*-i) 

( W )[/-k-l] ( W )[7-<1 i U )[k-i] 



* J 
k i 



i J 
k £ 



(3.4a) 

(3.4b) 
(3.4c) 



where we have defined the iV-th root of unity as 



uj = exp 



2tti 
If J ' 



(3.5) 



and * means a complex conjugation. We have also used [x] e {0, 1, . . . , AT — 1} modulo N, and 



fc £ 



1 , if and only if < 



' i < k < i < j, 
j <i<k<£, 
£<j<i<k (with£ < k), 
k<l<j<i. 



Remark that used is the standard notation of the g-product and the g-binomial coefficient; 

n 

(w)„ = n(l-o;*), 

-. if m > n > 0, 



fc=i 



m 



(3.6) 



(3.7) 



0, others. 
These operators are assigned to a projection of knot as follows; 



D*7 _ 





He 



K. 



k I 



Proposition 4. Kashaev's invariant (K)n for the torus link JC = T(2, 2 m) is explicitly given by 

(T(2,2m))jv 

/m-2 r -i \ 

(3.8) 



Cj+l 


) 







— TV ^ (-l) Cro - 1 w^ ra " 1 ' Cm " 1+1 ' ( cj Ci ( Ci+1 ) 

AT-l>c m _i>--->c 2 >ci>0 \i=l 

Proof. We get this result from a direct computation using i?-matrix (3.4) for (l,l)-tangle of 
(2, 2 m)-torus link. See Refs. 13,18. □ 

We note that Kashaev's invariant for the Hopf link T(2, 2) is given by 

(T(2,2)) N = N. 

Combining Prop. 4 with Thm. 3, we obtain an asymptotic expansion of c<j-series. 
Corollary 5. 



'm-2 



C;(c;+1) 



7V-l>c m _i>-->c 2 >ci>0 



1=1 



Cj+l 


) 







3-; ("»-!) 




m— 1 



fc=i ^ 



-)- e 2mJV 



„ oo ,-,(m;0) 
("»-l) 2 Ti NT^ El 



E 

fc=0 



7T 1 



fc! 2miV 



• (3.9) 



In the rest of this paper, we shall reveal a meaning of this asymptotic expansion from a point 
of view of the modular form. As a generalization of o;-series defined by Kashaev's invariant we 
introduce 



JV-l 



Y^\uj)— ( — l) Cm_1 a ;5 c ^- 1 ( c ^- 1+1 ) 

ci,...,c m _i=0 



X U 



Cj 2 H hc^_ 2 +c Q+ iH hc m _ 2 



'm-2 

n 



Ci+l + ^i,o 



, (3.10) 



for m > 2 and a = 0, 1, . . . , m — 2. See that Kashaev's invariant for T(2, 2 m) corresponds to a 
case of a = 0, 

(T(2,2m)>^ = AT.rW(ccO. (3.11) 

It is unclear whether the c<>series Y m a \u) for a ^ represent the quantum invariant for any three 
manifolds. 



Conjecture 1. Let Ym\oS) be defined by eq. (3.10). An asymptotic expansion of this uj-series in 
N — > oo is given by 



~ y/Ne^' 1 ■ J2(-l) k (k - m) sin (a + 1) i^J 



oo T-,(m;a) / \ k 

where a generalized Euler number E^ 1 '^ is given from a generating function as 

msh((a + !),) _ - Ef' a \ 2k 

sh(mz) ^ (2 fc)! V ; 

= (a + 1) + i (1 + a) ((1 + a) 2 - m 2 ) ^ 2 



1 



+ 360 (1 + a) ((1 + ~ ^ (3 (1 + ° )2 ~ 7m2) 

+ 777^r( 1 + a ) ((l + a) 2 -^ 2 ) (3(l + a) 4 -18(l + a) 2 m 2 + 31m 4 ) / + • 
1512U 

The case a = of this conjecture is proved in Corollary 5. 
Note that we have 

v ' n=0 

where the odd periodic function ximi 71 ) * s written as 

?77, 4- 1 4- a others 

(3.15) 



77, mod 2 m 


m — 1 — a m - 


f 1 - 


- a others 


( a ) / \ 


1 


-1 






Applying the Mellin transformation to eqs. (3.13) and (3.14), we have an expression of the gener- 
alized Euler number in terms of the L-function associated to X2m{ n )^ 

Et a) =m.L{-2k, X &) 

(2mf / fm-l-a\ „ (m+l + a\\ _ 

where B„(x) is the 77-th Bernoulli polynomial. It should be remarked that the colored Jones poly- 
nomial (2.4) for the torus link JC = T(2, 2 777) is rewritten using the periodic function as 

2mN 

2 ) Mh;0) 



2sh (^J #^ = ^" im(wa " 1)fc "* fc E^)^ fc - ( 3 - 17 ) 



fe=0 
9 



Based on this expression, we find that Kashaev's invariant is given by 

_ 2 2mN 2 



AmN 

k=0 

Later we shall clarify a relationship between above conjecture and the modular form. 



4. q-Series Identity 

In this section we study a g-series identity, which is closely related with Y m a \u) defined in 
eq. (3.10). We use standard notation as in eqs. (3.5) - (3.7), but in this section we replace u, the 
iV-th primitive root of unity, with generic q. 

We define the q- series 

oo 

(x) = ^ ^ ( X^ ™-- 1 q\ c m-l{Cm-l+~i) <£ C H hCm-1 

X g C l 2 +-- + C m-2+ C « + l+--+ C m-2 . I J^J 



ci,...,c m _i=0 



m-2 



i=l 



, (4.1) 



for m > 2 and a = 0, 1, 2, . . . , m — 2. We simply replace J2c m -i=o m e£ l- (3-10) with an infinite 
sum V°° _ n , though we have introduced an additional variable x. 

Theorem 6. Le? ?/ze q-series Km \x) be defined in eq. (4.1). We have 

OO 2 2 

{ \ , * X — "\ ( n\ , , 71 — (m — 1 — a) n — (m— 1 — a) 

K^{x) = xitin) q ^ x^~^ , (4.2) 

?1=0 

where X2m( n ) 25 a periodic function in eq. (3.15). 



Proof. We prove this statement by showing that both sides satisfy the same g-difference equation. 

It is easy to see from a periodicity of the function X2m( n ) mat RHS of eq. (4.2) solves a differ- 
ence equation (see, e.g., Refs. 1,3, 19), 

OO 2 2 

/ \ i 1 i -i X t r,\ ti — (m— 1 — a) n—(rn—l — a) 

K%\x) = 1 - q a+l x a+1 + xS(n) g V 

n=2m 

= 1 - <f +1 x a+1 + x m g 2m " 1 - a K$ {q 2 x) . (4.3) 
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We shall show that LHS of eq. (4.2) also fulfills a same difference equation. To this aim, we 
introduce 

oo 

K^(x 1 ,...,x m _ 1 ) = (-l)^- 1 ^^-1(^-1+1)^-1 

ci,...,c m _i=0 
'a-1 



x Y[ (f' 2 x Ci 



.i=i 



Ci+l 



• 9 ° %a 



C a +1 + 1 
m— 2 



X 



vi=a+l 



Q+i 









See that by definition we have 



K£\x)=Kg>(x,...,x). 



(4.4) 



(4.5) 



m— 1 



We use same symbol i^m \ but we believe there is no confusion. 

To prove the assertion of the theorem, we use formulae for the g-binomial coefficients; 



'n + 1 


= q c 


n 


+ 


n 


c 




c 




c-1 



Applying eq. (4.6a) to 



C a +1 + 1 
C n 



+ q 

in eq. (4.4), we get 



n+l—c 



n 
c-1 



(4.6a) 
(4.6b) 



■^rn • • • i •^m—l) -^rn (? • • • j 9 -Ea—li ^aj • • • j %m— l) 

i). (4.7) 

On the other hand, using eq. (4.6b), we have 

K£\x u . . . ,x m _i) = ^^(g -1 ^!, . . . ,q _1 x a ,x a+1 , . . .,x m _i) 

+ ga: a • ir£ -1) (a;i, . . . , x , qx a+1 , x a+2 , ■ ■ .,x m -i) (4.8) 

Another difference equation is given as follows; 

■^rn • • • ) ^m- 1) 



oo oo 



C m -l=l Cl,...,C m -2=0 

1 - gs m _i • iT^" 2) (gxi, . . .,gx m _i). 

n 



i | ill l 9 



fm-2 

n 



Ci+l 









(4.9) 



We can prove eq. (4.3) by use of eqs. (4.7) — (4.9) as follows. Recursive use of eq. (4.7) gives 

■^■rn^ (^1) • • • j Xai 9 •£<J+1> • • • j 9 X m — l) 

^-ra " " " ) 9 3- a— 1 5 ^ai 9 -^a+l; ■ ■ ■ 1 Q X m —\) 

+ q%a ■ KjVfa-ixx, . . . x a _ 2 ,x _i,gx , . . .,?X m -l) 
+ g 2 x a _ix a • ^(q^X!, . . . , q' 1 x a - 3 , x a - 2 , q x a -i, ■ ■ .,qx m -i) 

+ --- + q a x 1 ---x a - K^(q Xl , . . . , qx m ^). (4.10) 
Substituting above equation for a = m — 2 into eq. (4.9), we get 

X\, . . . , q %m—2) Em—l) 

X±,...,q %m—3i%m—2i ( l%m—l) 

+ q 2 x m -2X m -i ■ K^iq^xu . . . , g _1 x m _ 4 , x m _ 3 , gx m _ 2 , gi m -i) 

H h 9 m ~ 2 a; 2 • • -x m _i • K^>(x u qx 2 , . . .,qx m - X ) 

= l-q m - 1 x 1 ---x m - 1 -K$(qx 1 ,...,qx m - 1 ). (4.11) 

In the same way, iterated use of eq. (4.8) gives 

K${x-l, . . .,x a+1 ,qx a+2 , . . .,qx m -i) 

= K m(v~ lx ii ■ ■ ■ il' 1 x a ,x a+1 ,qx a+2 , . . .,gx m _i) 
+ qx a ■ K { ^\q- l x 1} . . . ,g _1 x a _i,x a ,gx a+ i, . . . ,gx m _i) 
+ q 2 x a -!X a - K^iq' 1 X\ i ■ ■ ■ i q x a _2 j x a — i , q x a , . . . , q x m ~\ ) 

+ • • • + g a x x • • -x a ■ K^( Xl ,qx 2 , . . . ,qx m ^). (4.12) 
Substituting above equation for a = m — 2 into eq. (4.9), we find 

K m(Q~ lx ii ■ ■ ■ ,Q~ 1 x m -2,x m -i) 

+ qx x±,...,q x m —3,x m — 2 ,qx m —i) 

+ q x m _3 x m — 2 

■ K m(q 1 x 1 ,...,q 1 x m _ A ,x m _r i ,qx m - 2 ,qx m - 1 ) 

H h g m ~ 2 xi • • -x m _ 2 • ^(a;i,gx2, . . . ,gx m _i) 

= — (l-K^(q- 1 x 1 ,...,q- 1 x m ^ 1 )). (4.13) 

^m— 1 

Combining two equations (4.1 1) and (4.13) with x = x± — • ■ • — x m -\, we obtain 

K<®(x) = l-qx + q 2m ~ l x m ■ K${q 2 x). 
This proves eq. (4.2) for a = 0. 
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Other cases can be shown by using eqs. (4.11) and (4.13) with eqs. (4.10) and (4.12). 
Corollary 7. We define the q-series ^^(t) by Km(x = 1) up to constant, i.e., 



□ 



— ■ / \ (m— 1— a) 

®m ( T ) = m <? *™ 



^ y ^ -Qc m _i ^|c m _i(c m _i+l) 

ci,...,c m _i=0 



x q 

where m > 2 and a = 0, 1, . . . , m — 2, and we mean 

2ttit 



c x 2 H hc^_ 2 +c a+ iH hc m _2 . 



q = e 



Then we have 



^ } (r)=mJ2x^(n)q^ n2 . 



n=0 



Factor m in above definition is merely for our later convention. 
Corollary 8. Let the q-series $m (t) be defined by 



for m > 2 and a — 0, 1, . . . , m — 2. TTzen we /zave 

2 00 
(m-l-q) \ 

= Aq 4™ ^ I ci + c 2 H h c m _i + 

ci,...,c m _i=0 



'm-2 

n 

.»=! 



c i+l + "i,a 
Ci 



, (4.14) 



(4.15) 



(4.16) 



m — 1 — a 



(_l) C >n-l g| c m-l(Cm-l+l) 



x g 1 



2 hc^_ 2 +C a+ i+---+C m _ 2 



An-2 

n 

,i=i 



Q+l + Si a 



Proof. We differentiate eq. (4.2) with respect to x and substitute x — > 1. 



(4.17) 



□ 



5. Modular Property 

We shall reveal the modular property of the g-series $m^(r) and $m^(r) defined by eq. (4.16) 
and eq. (4.15) respectively. The theta series &m (r) have weight 3/2, and span (to— l)-dimensional 
space; it is straightforward to get 



$(™-i-«)( r + i) = e fa™ ■ $^- 1 - a )(r), 
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(5.1) 



and from the standard method using the Poisson summation formula we have 

i\ 3/2 / 1 

where 



(5.2) 



* m (r) = 

and M m is an (m — 1) x (m — 1) matrix, 

(M m ) 1 < a6 < m _ 1 : 
Remarkable is that the theta series defined by 



M m - 2) (r)\ 

\ *%\t) ) 
2 

sin 




m 



a b 



TT 



m 



(5.3) 



(5.4) 



where ^(r) is the Dedekind ^-function (6.3), is the affine su(2) m character (see Examples in Sec- 
tion 6) [4,11]. 

As studied in Ref. 9, we have interests in the Eichler integral of the modular form $ m (r). 
Generally when the g-series 

oo 

F(r) = ]Ta n g", 

71=1 

is a modular form with weight k e Z> 2 , the Eichler integral defined as k — 1 integrations of F[r) 
with respect to r, or explicitly defined by 

oo 



n=l 



satisfies 



(cr + rf) fc - 2 .F( 7 (r))-F(r) = G 7 (r), 
where 7 = ^ ^ e ^(2; Z), and G 7 (r) is the period polynomial 



(5.5) 



(2 7T i 



1 /-ioo 



F(r) (2-r) fc - 2 dr. 



(A; — 2)! 7 7 -i( ioo ) 

In our case, the modular form $^ (r ) in eq. (4. 1 6) has a half-integral weight, and above story does 
not work any more. But the Eichler integral as an infinite g-series can be defined in a naive sense, 
and we may find that 

oo 

(a), 



n=0 
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which is nothing but a definition (4.15). We note that a prefactor in above definition is for our 
convention. We can regard (t) as the Eichler integral of the modular form $^ (t) with weight 

3/2. 

To study a nearly modular property (see eq. (5.5)) of this Eichler integral of the half-integral 
weight modular form, we first recall a following result. 

Proposition 9. Let Cf(n) be a periodic function with mean value and modulus f. Then we have 
an asymptotic expansion ast\0 

oo oo (—f) k 

CM) e"^ ~ ^(-2 k, C f ) LJ-, 

n=l k=0 

where L(k, Cf) is the L-function associated with Cf(n), and is given by 

L(~k,C f ) = -J^ j^C f {n)B k+1 . 

Proof. It is a standard result using the Mellin transformation. See, e.g., Ref. 9. □ 

Using this property, we obtain the Eichler integral (t) near at a root of unity as follows. 

Proposition 10. The Eichler integral (4.15) for t = ^ e Q (N > 0, and M, N are coprime 
integers) reduces to 

^)=™£x2(»)(l-^)e^ M ". («) 

' n=0 

Proof. We have from eq. (4.15) 



^ 7 n=0 



where 

^(n)=xS(n)e^ d 
We see that C 2m N{n + 2miV) = C 2m N(n) and C 2m Ar(2miV — n) = — C 2m Ar(n), and we can 
apply Prop. 9 to get an asymptotic expansion in t \ as 

m 1 N 2ir) ~ ^ k\ V 4m 

v 7 fc=0 v 



Then we obtain a limiting value 
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Recalling an explicit form of the Bernoulli polynomial B 1 (x) — x— \ and a property C 2m N (2mN— 
n) = — C 2m Ar(n), we obtain eq. (5.6). □ 



Conjecture 2. Let &m\r) be the Eichler integral defined by eq. (4.15) or (4.14). When q is the N- 
th root of unity, $$(1/N), which was computed as eq. (5.6), coincides with an expression (3.10) 
up to constant, i.e., 

$L a) (^) = e 11 ^- • Y<fi(u). (5.7) 

Proof for a case ofa = 0. As a case of a = is related to Kashaev's invariant for the torus link as 
in eq. (3.11), this case can be directly proved by using eq. (3.18) as follows; 

e 1 ^- (to) = 1 e^ wi (T(2, 2m)) N 



2mN 



Am N 2 

k=0 



2mN / , x 

fc=0 v 7 

mN i , \ 

Eft U-^je^" 1 ^ 

i,_n V / 



In the third equality, we have summed an expression with k ^ 2m N — k. As a result of eq. (5.6) 
the statement of Conjecture is true for a = 0. □ 



We now discuss how Conjectures 1 follows from Conjecture 2. We first recall from eq. (5.6) 
that for iV e Z 

$W (N) = (l + a) e m ^ m a)2 ^ N . (5.8) 
Following Ref. 9 (see also Ref. 21) we define the period function 



8i 7 a V^-^ 

where a e Q. It is defined for z in the lower half plane, z G H~, but it is analytically continued to 
R = <9H~ . To see a modular property of $^ (a + i y) in y \ 0, we further define 

5 < %H /^fi$vu (5 , 0) 



1 i J z* \Jt — z 
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where z G H . We can find that this function is nearly modular of weight 1/2 by 

= VT7 (S^- 1 -^^) - r ^-i-)(^;0)) . (5.11) 
On the other hand, we have for z = a + i y 

/ ~ fOO ^.-^—ITIT 

^ o) W = V^-E»xS(n)/ -^dr 

= ™ E *^ n ) erfc (n J-^\ , 

n=l \ V / 

where erfc(x) is the complementary error function 

erfc(x) = — p= / e~* 2 dt. 

As erfc(O) = 1 and we know eq. (5.6) from a definition of we get 

$L a) («)=$L a) («), (5-12) 

for q G Q. We stress that LHS is a limit from the lower half plane H~ while RHS is analytically 
continued from the upper half plane EL 

Taking a limit z — > 1/iV for iV e Z in eq. (5.11), we obtain 

aSr 1- * (£) = E( M -)a, 6 8 -" 1_&) (-*) + *- 1_0) (^;°) • ( 5 - 13 ) 

When we recall eq. (5.8) and use an asymptotic expansion of rf (^; 0) in iV — > 00, we obtain a 
following proposition. 

Proposition 11. Le? ?/ze Eichler integral (t) Z?e defined by eq. (4. 15). Asymptotic expansion in 
N — > 00 « ?/zen gzven Z?y 

vriJV 



00 j-,(m;a) / ■ \ k 



Based on this proposition, we get a conjecture (3.12) assuming a conjecture (5.7). 
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6. Examples 



6.1 (2, 4)-Torus Link: m = 2 

• g-series: 

The modular form with weight 3/2 is 



= J2n X f\n)q^ 2 = ^T(-l)" (2 n + 1) q^ +n ^ (6.1) 

= 2 g* (1 - 3 q + 5 g 3 - 7 g 6 + 9 g 10 - 1 1 g 15 + • • • ) , 
where xf^ (n) is the primitive character modulo 4, 



n mod 4 


1 3 others 




1 -1 


It is known by Jacobi that we can write 




$f(r) 


= 2 (v(t))\ 


where ^(r) is the Dedekind ^-function, 




r](r) = 


g 1/24 • (?)«, 



(6.2) 



(6.3) 

From a modular property of the ^-function we see that 

$f (r + l) = e^$( 0) (r), (6.4) 

f(-l/^f-) 3 %f(r). (6.5) 



i 

The Eichler integral is given by 



$(°)( r ) = 2 ^xl 0) (n)gs n2 = 2g* ^(-l) fe gl^ 1 ) (6.6) 

n=0 fe=0 

= 2 g^ (1 - g + g 3 - g 6 + g 10 - g 15 + • • • ) . 



• root of unity: 

As a limit of g being the iV-th root of unity, the Eichler integral (6.6) coincides with 
Kashaev's invariant for torus link, 

^ (jr) =^ E(- 1 )^ |C(C+1) = TF e ™ (T(2A))n- (6.7) 

^ ' c=0 

We see that the Eichler integral (6.6) with q being the iV-th root of unity takes a same form 
with the original Eichler integral up to constant, only an infinite sum reduces to a finite 
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sum. Using $ 2 °' ) (N) = e 71 " 1 ^/ 4 , we have the nearly modular property (see eq. (3.9)), 

ILv^fRJ + E^fe , (6.8) 

I, ' ' 



where En'°^ is the Euler number defined by 



2n + l\- 2n+1 U J 2n+1 V4 



some of which are given as 



1 00 p( 

ch(x) ^ (2n)! 



1 9 5 A 61 a 

= 1 - - x 2 H x 6 + 

2 24 720 



6.2 (2, 6)-Torus Link: m = 3 

• g-series: 

A set of the theta series is given by 



= 4 (l _ 2 g + 4 g 5 - 5 g 8 + 7 g 16 - 8 g 21 + • • • ) , 

= 2 q& (1 - 5 g 2 + 7 g 4 - 1 1 g 10 + 13 g 14 - 17 g 24 + • • • ) , 

where 



n mod 6 


2 


4 others 


n mod 6 


1 


5 others 


Xi° j (n) 


1 


-1 




1 


-1 



We note [11] that these series can be written in terms of the Dedekind ^-function as 

<S>f\r) = 4eP" -^ L» =4 ^ ^ , (6- 10a) 

$i 1) (r)=2-^lj. (6.10b) 
(rK4r)) 2 
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The modular property is written as 



^'(t + 1)J V es' 
The Eichler integrals are then defined by 



'*. W (r) 



r n 3/2 i 1 1 

T/ '71\i -l 



'*3 W (T) 



a + 1 
6 



a=0 6=0 

oo 

n=0 

= 3 <^ (1 - q + q 5 - q 8 + q 16 - q 21 + • • • ) , 

oo a+1 
a=0 6=0 

oo 
n=0 

= 3qv (l-g 2 + g 4 -g 10 + g 14 -g 24 
We note that Zagier's identity [19] leads us to find 

oo 

i«( T )=3^^(-l)"(-l;g 2 )„ +1 . 



+ ■••). 



n=0 



(6.11) 



(6.12) 



(6.13a) 



(6.13b) 



root of unity: 

From Prop. 10, the Eichler integrals (6.13) reduce in a case of q being iV-th root of unity 

to 



*S" (^)=3Exfw (l 

^ ' n=0 



n 



3N 



esjv' 



(6.14) 



This coincides with 



JV-1 



$(°) / lj =e M ^(-^^^(a+lJ+bCft+l) 



(1) 



a,b=0 
JV-1 



leM (T(2,6))^, 



lj = e w ^(_i)^^+D^ 2 



a,b=0 



a + 1 
6 



(6.15a) 



(6.15b) 
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where the second identity remains to be proved (the first identity was established from 
an asymptotic expansion due to a discussion in the previous section). We have checked 
numerically a validity of this identity. 
As we have 

modular property and eqs. (6.15) supports that 




5<«H\0\ f, i , „ M 

*f(-iV)j + S^U° ,)( ^ ) • ( ' 




where the generalized Euler number is defined by 



E^ ,a) = — ( B 2n+ i ( — - — J - B 2n +i ( ~r l | 



n + 1 \ V 6 / \6 



or some of them are as follows; 



'sh(2a;) N 



sh(3x) I sh(x) 




910\ x & 



896 I 720 + 



6.3 (2, 8)-Torus Link: m = 4 
• g-series: 
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A set of theta series is given by 



Hr)) 3 X ' 



r \\3 



^(1) VP' 

2 qTe (3 - 5 q + 11 q 7 - 13 g 10 + 19 g 22 - 21 q 27 + ■ ■ ■ ) , 



$ 4 W =53 n ^8"'W9 16 ' 

= 4(^(2r)) 3 

= 4 g3 ( 1 - 3 g 2 + 5 g 6 - 7 g 12 + 9 g 20 - 1 1 g 30 + • • • ) , 



$f( r ) = ^n X r ) (n)g-' 

neZ 

(^)) 3 x 



77(|)77(2r) 



= 2 g^ (1 - 7 g 3 + 9 g 5 - 15 g 14 + 17 g 18 - 23 g 33 + • • • ) , 



which are modular coinvariant; 



(6.17a) 



(6.17b) 



(6.17c) 



$i 1} (T + l) 

V$i 0) (r + 1)/ 
M 2) (-l/r)\ 



/el wi \ 



e2 7 
\ et m / 





9„ 



M 2) (r)\ 



,(o) 



WW 



■1/r) 



T \3/2 1 

tJ ' 2 



/l v/2 1 \ M 2) (r)\ 

-v^2 • $i 1} (r) 
Vl -v/2 1 j WW 
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(6.18) 



(6.19) 



E« 

c=0 



We then have the Eichler integral as 

oo a 

a=0 6=0 

oo 

n=0 

= 4g^ (l-g + g 7 -g 10 + g 22 -g 27 + ---) , 



c(c+l) 



(6.20a) 



6+1 

E 1 



c=0 



a=0 6=0 

oo 

= 4^ X «(n)g^ 2 

n=0 

= 4g3 (l-g 2 + g6_ g 12 + g 20_ g 30 + ...^ 



6+1 

c 



(6.20b) 



a+l 



a=0 



6=0 



$i 2) (r)=4^^(_i r ^H-D^/ a+l ^ g 



c=0 



n=0 

4 (l - q 3 + g 5 - g 14 + q 18 - q 33 -\ ) . 



(6.20c) 



One sees that 



$i 1) (r) = 2$f(2r). 

root of unity: 

Limiting value of the Eichler integrals when q goes to the iV-th primitive root of unity is 
given by 

, . v AN 

n \ « 2 



(^)= 4 Ex?V) (i 

^ ' n=0 



4iV 



(6.21) 



which is rewritten as 

N-l 



(0) 



N 



1 ' e | ^ ^_ 1 ^ CJ Ia(a+l)+6(6+l)+c( C +l) 
a,6,e=0 



a 




~b 


1 


b 




c 


" N 



N-l 



f_Lj =e # ^ (_ 1 )a CJ Ia(a+l)+6(6+l)+c 



a,6,c=0 
AT-1 



a 




^b+1 


b 




c 



■e^(T(2,8))jv, (6.22a) 



(6.22b) 



a + r 




"6" 


6 




c 



(6.22c) 
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Though we have checked these three equalities numerically, we proved only eq. (6.22a) in 
this article. 

The nearly modular properties are written as 



M 2) (*)\ 



( i 



~ y/-iN 



y/2 
1 



V2 


-V2 



1 \ 

-V2 

1 / 



{Et 2) \ 



n=0 



(4:1) 



\E^J 



where we have 



m\N)\ 

$i 1} (iV) 

WW 



/3el- iJV \ 
/ 



and the generalized Euler number is defined by 

26n+2 / /g 



2n+ 1 



5 



2n+l 



8 



B 



2n+l 



5 + a 



Some of them are explicitly given as follows; 



sh(4x) 



/sh(3x)\ 




oo 


/4 4;2) \ 


sh(2:r) 


= E 


4 4;1) 


\ sh(x) / 


A 


=0 


WW 










( 7 \ 






2 

w 




8 

w 



2fc 



(2*)! 



x 

Y 



/119\ 

160 
\109/ 



x 
24 



/5587\ 

7808 
\5465/ 



7T 1 

8iV 



(6.23) 



x 

720 
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